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Abstract 

In the paper we investigate the evolution of the relativistic particle (massive 
and massless) with spin defined by Hamiltonian containing the terms with 
momentum-spin-orbit coupling. We integrate the corresponding Hamilto- 
nian equations in quadratures and express their solutions in terms of elliptic 
functions. 

1 Introduction 

Deformation of Lie algebra structure on the fixed vector space g is known to 
provide a construction of a family of Lie-Poisson brackets on C°°(g*), where 
0* is the vector space dual to q. If this family contains a pencil of brackets 
one obtains bi-Hamiltonian structure on q* which leads to the construction 
of an integrable hamiltonian hierarchy, e.g. see [I], [2]. In the paper [4] we 
investigated such infinite parameter deformation of the Lie-Poisson structure 
on the ideal C\(T-L) of the upper triangular Hilbert-Schmidt operators acting 
on the real Hilbert space H, which has the properties mentioned above. 
Applying results obtained in [4] to the case when dim'H = 5 we find an 
integrable hamiltonian system, see equations (l20H23p . on the vector space £ + 
of upper triangular (5 x 5)-matrices which one can consider as a dual space 
to the Lie algebra £ a (l,3). This Lie algebra is defined as a one parameter 
a G [—1, 1] deformation of Euclidean Lie algebra (a = 1) in four dimensions. 
When a = — 1 we obtain Poincare algebra and the Galileo algebra for a = 0. 
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In Section 2 we solve equations ( I2(J||2"3")) in quadratures expressing their so- 
lutions in terms of the first-coordinate Wo(t) of Pauli-Lubansky four- vector. 
The dependence of Wo{t) on the evolution parameter t is also studied. 

Using the twistor description of Minkowski space-time (e.g. see [7J, [3]) 
we investigate in Section 3 the time-evolution of the position vector X(t) of 
the massive relativistic particle with a spin, see formula (199)) . In Section 3 we 
also describe the time dependence of the twistor coordinates for the massless 
particle with non-zero helicity, see formula (177)) . 

The physical sense of the hamiltonian relativistic system studied in the pa- 
per is hidden in the form of Hamiltonian (1191) which gives a coupling between 
the momentum, angular momentum and spin of the relativistic particle. 

In the Euclidean case, i.e. when a — 1, one has a model with a rather 
different geometry. Namely, from (fTUl) . (fTTl) and (HM we find that solution of 
(I20H23P describes the evolution of a point on the bundle TS 3 tangent to the 
three-dimensional sphere. 

2 Bi-Hamiltonian structure on C + and the re- 
lated integrable systems 

Let us start our consideration with defining the pencil of metric tensors 

ds 2 a = rj^dx^dx" := a{dx ) 2 + (dx 1 ) 2 + (dx 2 ) 2 + (dx 3 ) 2 , (1) 

where a G [—1,1], on the four-dimensional afnne space E*' 3 with coordi- 
nates x^, \x = 0,1,2,3. We will denote the symmetry group of (E^' 3 , ds 2 ) by 
E a (l,3) and its Lie algebra by £ a (l,3), respectively. Using (5 x 5)-matrix 
representation we find that g G E a (l,3) iff 
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where r G M 4 , R 4 3 is zero vector and A G Mat4 X 4(C) satisfies 

Arj a A J = rj a . (3) 

Any x ^ £a(lj 3) is of the form 
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where 1/6R 4 and X e Mat 4x4 (R) satisfies 

Xif + if X T = 0. 



(5) 



The vector space £ (1,3)* dual to the Lie algebra £ (1,3) we will identify 
with the vector space C + of strictly upper triangular (5 x 5)-matrices. The 
pairing between p e C+ and \ e £a(l, 3) is given by 
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where k, l,n = 1,2,3, we find that Lie-Poisson bracket {•, -} a of /, g G 
C°° (£ + ) is expressed as follows 



{f,9}a=\rf„M t 



df dg 
2 WW \dM eit dM vv 



df dg 
dM^ u dM m 



+ 



(9) 



+v a P 1 * 



df dg df dg 



dP v dM, 



dM^ dP» 



h + 



>dP dt dL dPj 

+ J. ( a (V x *) + V x ?!!\ + 

V \dL dL) dJ dJJ 

dg p <^f___^f_p ^9_, 
+ «9P° ' dL dP» ' QL 
- / df dg df dg \ 
\dP dJ dJ dPJ 



+L- 



df do df do 

aL #j <9J <9l 
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Note that one has the following two invariants (Casimir functions) of the 
coadjoint representation 

c x = V %P»P\ (10) 

C2 = rfaWW, (11) 

where 

W° = -J- P, (12) 

W = aP°J + Lx P, (13) 

while 

The coadjoint representation of E a (l, 3) on the dual space of C + has the form 

Adl(P,M) = ((r 1 a )- 1 A V a P, (15) 

A (tt+ (M) - 7] a 7r + (M T ) {v^ 1 ) A -1 + tP t A- 1 - kr l a Pr T {r l a )- 1 ) , 

Ad* g {W) = {ri^A^W, (16) 

where we represent p G C + = S a (l, 3)* by the four-momentum P = (P^) and 
the angular momentum M = {M^ u ) defined in ([7]) and ([S]). 

We note also that for a,b G [—1, 1] the Poisson brackets {-, -} a and {-, 
define bi-Hamiltonian structure on C + , i.e. their linear combination {-, -} a + 
e{-, ■}{,, eel, is also a Poisson bracket on C + , see [4J. 

Thus we obtain that Casimirs of {■,■}&: 

hi = b(P ) 2 + P ■ P, (17) 
h 2 = b (P ■ jY + (bP° J + L x pY (18) 

are the integrals of motion being in involution with respect to the Poisson 
bracket {•, -} a . 

Hamiltonian equations associated with the Hamiltonian 

h = - (chi + dh 2 ) = (19) 

= c - (b{p°y + p.p A j + ±(b(P-f) 2 + (bp°j + Lx?) 2 j = 



^{b - a) (c(P ) 2 + d{b - a^fj 2 - -W 2 + 2dP°W ■ 
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where c, d 6 K. are as follows 
dP° 



eft 



{F°,Ma = 0, (20) 



f ={^}« = 0, (21) 
^ ={P, /i} a = (6 - a )dP° (Px(pxL)+ £P°J x p) , (22) 

^ ={L, /i} a = (b - a) (cP°P + bdP°,PP + dP°L x(pxi)+ (23) 

+dP 2 Jx L-d(P ^ Jx P + bd(P°) 2 Jx L 

In order to solve these equations it suffices to possess four functionally 
independent integrals of motion. We choose P° and J as these integrals. 
Using the variables (P, W) we rewrite (1221) and (123]) in the form 



dP 
~dt 
dW 
~df 



-(b-a)dP° (-P xW + (b-a)P°Jx p) , (24) 

--(b - a)d ((P • fj P x W + b(P°) 2 Jx W + aP° (P ■ fj Jx p) . 

(25) 

Now let us introduce new variables 

y := J ■ W, (26) 
z ■= J. (p x W] . (27) 



From (124")) and ( 125]) we find that these variables and W° satisfy the following 
equations 

dW° 

^—=(b-a)dP°z, (28) 

^ = - (b - a)dW°z, (29) 

^ = - (6 - a)dlf° (c 2 P° + Cl aP° J 2 - (d + a(P ) 2 ) y) , (30) 
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which can be integrated in quadratures: 

r dw° , , 

t + to= . (31) 

J (b - a )dyJ^{W°Y + ^(^-^-(g : g)(^°) 2 J 2 ) (^0)2 + p 

m - ~m) + - ^w, (32) 

= (c - + ; (p ° )2) to + ^ - » - ;r_".r )(f0)a,r - ro) + * 

(33) 

— # 

Without loss of generality we can assume J = (0, 0, J) and obtain 

(p l ) 2 + (p 2 ) 2 = Cl -a(py-±(wy, 

1\2 | /ti/2\2 _ „ „m/0\2 If 1 m/0\2 | Jl2 — C2 b — a 2 



After passing to polar coordinates 

P 1 = V/(P1)2 + (P2)2 cosv9) p 2 = v /(pl)2 + (p2)2 sinv?i (35) 

= ^(W 1 ) 2 + {W 2 ) 2 cosij, W 2 = ^{W 1 ) 2 + {W 2 ) 2 simfj 
from (J23D, ([25]) we get 



dt y J z \ J (W ) 2 - C1J 2 + aJ 2 (P ) 2 J ' 

(36) 

^ „uooLo f t/ 2 - a 2 (P°) 2 J 4 1 /T _2 



dt - ^pv + Jpo(c ; J2 _ q - 2( ^ 0)2 _ - —(in- 



(37) 



Using formulas flM), ([35]), ([SBJ and (j3Z7J we find that the solutions W"(t), 
P(£) of equations (|24p . f )25|) are expressed by first-coordinate of the spin 
four-vector iy (t) which is an elliptic function of t defined in (|3ip . 
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Now, we express the solution L = L(t) by the functions W(t) and P(t). 
To this end we take the vector product of both sides of (lT3"j) and apply the 
identity 

a x x cj = (a ■ c)b — (a ■ b) c. (38) 

This gives 

£=j-p(fxtf+(J-Z)P)=-r± 5 (fxtf r + tP), (39) 

where f := J • L and -W° = J ■ P is found in §2). From ([23} and ([39]) we 
obtain 

| (m) = ~d(b - a)P° (__L ?(W y+ (40) 
c , b — a 72 h 2 — c 2 \ / w0 n2 



+ C2J ~ \2P0(b-a) ~ J J 

Solution of ( I40jl is given by 



«0 = / (-^OOVH (41) 



to 



C i 6 — a ^ 2 h<2 — C2 \ / T rrQ\2/ 



H^ + V Ji+ 2(74^J™ + 

\2P°(b-a) 2 J J 

Substituting (HIT) into (1391) we obtain L = L(t). 



3 The case of relativistic particle with spin 

In this section we will present in details the physical interpretation of Hamil- 
tonian system (I20H23P integrated in the previous section. We will restrict 
ourselves to the case when the deformation parameter a G [—1,0], i.e. when 
_E a (l,3) is Poincare or Galilean group. 
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In our considerations we will use the twistor description of the space-time 
E*' 3 , when a = — 1. So, let us begin from some necessary facts concerning 
the twistor theory approach to the symplectic geometry of the relativistic 
particle phase spaces, for the details see [3]. 

Let us recall that the twistor space T is C 4 equipped with in the Hermi- 

tian form $ of the signature (+ H ). The Grassmannian G(2,T) =: M 

of the two-dimensional subspaces z C T of the twistor space T is the com- 

C(1.3) 1,3 

plexification M ' of the conformal compactification M ' of the Mincowski 
space M 1 ' 3 , which in our notation corresponds to E^' 3 , with a = —1. One can 
enumerate the orbits M. k ' 1 of the action of the conformal group SU(2,2) on 
M by signatures sign<& \ z =: (k, I) of the restrictions $ \ z of twistror forms $ 
to subspace z G M. The orbit M 00 is identified with M 1 ' 3 . 



In the following considerations we will take 

-o 
a 



* = - ~n° ), (42) 



assume 



x :=\ ( V Q ) eT :)? eC 2 |GM 00 , (13) 




o:=U ° ) G T : e G C 2 1 - ^' 



where = ^ ^ J ' a ° = y 1 / ^ -^°*2x2( ( C), and let us identify Lie 

algebra su(2,2) with its dual su(2,2)* by 

(X,p) :=Tr(Xp), p,Xesu(2,2). (44) 

The decomposition T = oo © o of the twistor space defines the corresponding 
decomposition of su(2, 2) C End T: 

su{2, 2) = su{2, 2)* = ^ © C 0i00 © V ^ © A , (45) 

where X G su(2, 2) belongs to: the translation Lie subalgebra %o C su(2, 2) 
iff ImX C oo C KerX, the acceleration Lie subalgebra Aoo iff ImX C o C 
i^erX, while the Lorentz subalgebra C ,oo and dilatation subalgebra T> 0>00 are 
the commutant and centralizer of su(2, 2) fl sw(2, 2)oo, respectively. Using 
the pairing (144")) we obtain the following vector space isomorphism: 

T* ~ A r* ~ /" T)* ~ T) anf l /l* ~ 7- (Af^ 
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Now, let (P, u) be SU(2, 2) - symplectic manifold and let J : P — > su(2, 2)* = 
su(2, 2) be the corresponding momentum map of the phase space P into Lie- 
Poisson space su(2,2)*. Matrix block notation consistent with the decompo- 
sition ( l4"5j) allows us to express J{p) at p G M as follows 

J[P) V P (P) -\d(p)a - Mt(p) l4/j 

where is the dilatation and 

P(p) = P»(p)a„ A(p) = A»(p)a„ M(p) = ^M ok a k + *-M kl e kln a n , (48) 

where L k {p) = M ok , Jk{p) = £kin,M ln , are the four-momentum, four-acceleration, 
and relativistic angular momentum, respectively. In (1481) we use summa- 
tion convention for /i = 0,1,2,3 and k,l,n = 1,2,3 and o\ = ( ^ J 

„,= ( °. i),<r 3 =(l M are the Pauli matrices. The Pomcare 



Lie-Poisson space P*(l,3) = © £* j00 is distinguished in sw(2,2)* by 
d = and A = 0. So, the momentum map J7" : p i — >■ jT(p) G 7 13 * (1, 3) 
of the phase space P into P*(l,3) is defined by J : p i — )• (P(p), M(p)) G 
Mat2x2(C) x Mat 2 x2( ( C). By V(l,3) we will denote Poincare-Lie algebra 
which corresponds to a = — 1. 

For (2 x 2)-matrix calculus it is useful to introduce the following operation 
on B G Mat 2x 2 (C): 

£ := fT 2J B T cT 2 . (49) 
For example using this operation we arrive at the identities 

BB = det Ba AB = BA (50) 

and 

det(A + B) = detA + detB + TiAB. (51) 
We define the Pauli-Lubansky four-vector W = W^a^ in the following way 

MP=:R- iW, (52) 

where = R and = W. 
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Now we apply the formalism investigated in the above preliminaries to 
the description of the Hamilton dynamics given in Section 2 in terms of the 
Minkowski space geometry. Let us begine from the case of massless particle 
with non-zero helicity. The phase space of such particle is the manifold the 
positive defined projective twistors 

PT+ : = g CP(3) : v^v > 0} , (53) 

where [v] := Cv is a one-dimensional complex subspace of T spanded by 
7^ v G T. The £77(2,2)- invariant symplectic form u + on PT + is the 
Kahler form 

■= iadd log v^<bv. (54) 

In the subsequent we will use spinor coordinates (77, £) G C 2 x C 2 for 
the twistor d = ()),()gT defined by the decomposition T = 00 © o. After 

passing to the homogeneous coordinates d := (2 := 7~> C := t~> where 

£2 62 £2 

£2 7^ 0, we obtain the coordinate representation for symplectic form ([5i 



— Ify _ 

= ^r(<*Ci dQ 2 rfC)A -C -1 Ci 



where 



CC -C CC1 + C2-C2 




A = v^v = 1 (CO - CCi + C2 - C2) • (56) 

The momentum map j£ : (PT + ,o;+) — > su(2,2)* for the symplectic mani- 
fold (PT + ,w+) is the following one 

= ia Ql - , (57) 

and it leads to the formulas for four-momentum and relativistic angular mo- 
mentum 

n\v}) = -ffZ^^, (58) 
M(H) = (rtf - i£Vo) • (59) 
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Using ([3gJ and we obtain P"(M), L(M), /(H) and W([u]) in the 
(Clj C 2 > C) -coordinate representation: 



P° = 




(60) 


P x = 


~(C + C), 


(61) 


P 2 = 


-£(c-o, 


(62) 


P 3 = 




(63) 



CI — — — 

£i = ^(C 2 C + C 2 C + G + Ci), (64) 

■7/3/ 

£ 2 = ^(-C 2 C + C 2 C + Ci-Ci), (65) 

ex. — — — 

£ 3 = ^(GC + CiC-C 2 -C 2 ), (66) 

iry 

Ji = -^(C 2 C-C 2 C + Ci-Ci), (67) 

a — — — 

</ 2 = -^(C 2 C + C 2 C-G-Ci), (68) 

in/—— _ 

^ 3 = -^(CiC-CiC-C 2 + C 2 ), (69) 

^° = ^(CC+1), (70) 

^ = -^(C + 0, (71) 

^ 2 = -^(C-C), (72) 
W 3 = - — (CC-1). (73) 



The momentum map (|57|) is a Poisson map from the symplectic manifold 
(FT + ,u+) into Lie-Poisson space (V(l, 3)*, {•, •}»), i.e. for/, 5 e C°°(P(1,3)*) 
we have 

{/, 9} a oJ + = {/°J + ,F ^ + W, (74) 
where Poisson bracket {*, •}« + is defined by the symplectic form u;+. In the 
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coordinates (Ci; C2? C) it takes the form 



A/ fdFdG 8FdG\ T fdFdG dF 8G\ 

fdF 8G _dF 8G\ dF dG _ dF dG 
dF_dG_ _ dF_dG - ( 8F_dG _ 8F_dG\ 

+ \dc~2W~Wdc~2) + (,r,) 

+c W 2 ^c ~ sec J 

for F,G £ C°°(PT + ). The four-momentum P^Qf]) and Pauli-Lubansky 
vector defined in ([58]) . (159]) and ( 152]) satisfies the relationships 

^(H)F^(H) = and W"*([u]) = |P M (M). (76) 

The above conditions confirm that we are in the case of the massless 
particle with the helicity — which phase space is given by the symplectic 

leaves of the Lie-Poisson bracket {•, -} a defined by the conditions C\ = c 2 = 0. 



So, one can pull back the solution yP(t), L(t)J of Hamilton equations ( 1201123]) 
on the symplectic manifold (PT + ,u;+) by the map 

L 2 - Ji + i(L l + J 2 ) 



C: 



2 (p3 _ pO) 



, = (P 1 + iP 2 ){L 2 — Ji + ijjn - J 2 )) - (P 3 - P°)(J 3 ~ ^3) m 
^2 — 2(P 3 — P ) 2 ' 

P 1 - zP 2 



pO _ p3 

So, if P°(t), P(t), L(t), J{t) satisfy equations (fjSMi then &(*), £ 2 (t), C(*)), 
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given by (ITT)) , are the solution of Hamilton equations 

j t Ci(t) = {&, h o J+} a>+ = -^(b - o)(CC + 1) (U - ^ ] C- (78) 



a 2 



lA A b - a ) (-6C 2 c 2 c 2 c + 4C1C2CC - 4CiCiC 2 c + 4C1C2CC+ 
+ 3d 2 cc 2 + 26C2C 2 + 2C1C2C 2 - 4C2C2C + C1C 3 + cic + ck+ 

+2d 2 C + 2C1C2 + 2dC 2 C 2 C 2 + 2dCiC 2 C)) , 

j t Ut) = {C2, h o J+} a , + = l -{b- a)P° (c-d^ + d(b - a)/) (CC - 1) + 

(yn __ _ __ _ ___ 

+ 4A (6 " a)2(P ° )2 ~ 2 ^ ~ 4 ^ 2 ^ ~ 2 ^ 2 + 2Cl ^ - 

(79) 

+ Cl + Ci + 2CICC + 26C2C + Ci 2 C 2 + Ci 2 C 2 + 2C2C - 2d - GC + GC - C2 ) , 

j t C{t) = {(,ho J+} a>+ = ~d(b - a) 2 (CC + i) 3 (C 2 C - Ci), (80) 

defined on (PT + ,aj+) by the Hamiltonian h o , where h is given by (fT8|) . 
Equations ( JTBllBOl) prove to form a system with rational nonlinearities. Due 
to (1T61) . it follows from the above considerations that after passing to the 
coordinates (P, W) we linearize the hamiltonian system under consideration. 

In order to describe the phase space of a massive particle with the spin 
s 7^ let us consider twistor flag space 

F:= {([«],*) e PT x M: [v] C z} . (81) 

Similarly to the case of Grassmannian M we will enumerate the orbits W k,lm 
of the natural action of SU(2,2) on F by the signatures k = sign $ |^], 
Im = sign $ \ z of the restrictions of twistor form to the flag [v] C z. We 
restrict our interest to the orbit F + ' ++ consisting of the positive flags. For 
physical interpretation of the flag spaces of differen signatures, see [3j. One 
has the following double fibration 

F+-++ 




of F +,++ over PT + and M ++ . According to [3j we show now that M ++ is 
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the phase space of massive spinless particle and F + ' ++ is the phase space of 
a massive particle with non-zero spin. For these reasons let us pass to the 
coordinate description of M ++ and F + ' ++ consistent with the decomposition 
T = oo © o given by MM . We have 



Z ^ and z= {( Z / ) : f € CM (82) 



c^ 12 = © tt 2 *u;+ (84) 



W IV £ 

for [v] C z, where Z G Mat 2 x2(C). The flag [u] C 2 belongs to F + ' ++ iff the 

"imaginary" part of Z = X + zY, = X and Y^ = Y, is positive definite, 
i.e. 

det Y > and Tr Y > 0. (83) 

Let us take the product PT + x PT + of the one-twistor phase spaces with 
the symplectic form 

, ,12 _ ,+ m „ 

where 7Tj : PT + x PT + — > PT + is the projection on the i-th component 
of the product. The symplectic form u 12 is invariant with respect to the 
natural action of SU(2, 2) on PT + x PT + and the momentum map J' 1,2 : 
PT + x PT + — > su(2,2)* for (PT + x PT + ,w 12 ) is given by 

J 1 > 2 = J+o* 1 + J+on 2 . (85) 

The function s 2 : PT x PT — > E defined by 

\v\&v 2 \ 



2 

«i — «2 \ ot\a 2 



4 v\<&viv\$v 2 



in an invariant of the conformal group SU(2, 2) . The projective twistors are 
orthogonal [uij-Lft^] with respect to the twistor form $ iff 

* 2 (M,M):=(^) ! . (87) 

Any flag [v] C z one can identify with the pair of twistors ([ui], [v 2 ]) G PT + x 
PT + satisfying condition (jS7J). Namely, one puts z = span{[vi], [x^]} G M 
and [i>] = [vi\. Reducing symplectic form u) 1 ' 2 to the level submanifold of 
PT + x PT + defined by (1H71) we obtain SU (2,2) - invariant symplectic form 
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(Kahler form) uj Sj s on F +,++ which in the coordinates ([£],Z) G CP(1) x 
Mat 2x2 (C) is given by 

u s , s = tddlog [(det (Z - Z^)) s+2& (77+ (Z - Zt) r;) 4s 

where s := ai ~" 2 and 5 := — ai + a2 . The symplectic form (IHHj) rewrited in the 
variables P M , H 7 ^, X M is the Souriau symplectic form, see [7J. 

The reduced momentum map J s ^ : F + ' ++ — > su(2, 2)* is of the form 

where 

Comparing ( |47|) with ( |89|) we obtain 

M = ZP- ^Ti(ZP)a . (91) 

Substituting ( 1901) into ( }9~Tj) we also express M in the coordinates ([£], Z = 
X + iY): 



ia 2 



det(Z - Zi)tf(Z - Z\)i 
ia 2 



(Z - tf)&(Z - 



${Z - Z*)<t 2 Z<t 2 {Z - Zi)£<T . 



2det(Z - Zi)tf(Z - Zt)f 
From equalities (l90H9ip . definition f )52|) and identities (|50|) we find that 



det(Z-Z^(Z-Z^ 
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and 



Tr PW = 0, 

det W = -s 2 det P, (94) 
Tr PY = 25. 

Using vector notation for M, see ( |4~8]) . we can rewrite f l9Tj) as follows 

L = X P + P°X - Y x P, (95) 
J = Y P + P°Y + X x P. 

Inverting (19T1) we find 

y = -^p(^-5P°), (96) 

Y = --±-(w + 8p), (97) 



detP 

i = T l-jxP + A-L- 1 (fp ■ L) + det PX ) P. (98) 
detP detP P°detPVV / V v ; 

The formula given above allows us to obtain the time evolution Y = Y (t), 
Y = Y(t) and X = X(t) described by the Hamiltonian ( fT9i) . For this reason 
we only need to assume that the evolution parameter t appearing in the 
Hamilton equations (I20H23P is the time related to the space-time coordinate 
X by X = ct, where c is the light velocity. From (198]) we have 

^ = -(^ jfx (^ ) -^ (t) ) + ^ 
+ (ct + ? L— ± In W\t) + (mcYat)^ m 



b)dP°dt w v ' sv 7 P° ' 

where m is the relativistic particle mass defined by — (mc) 2 = ci, cP° and 
J are its energy and angular momentum, being integral of motions in the 
case under consideration. Note that £(£) is expressed in terms of W°(t) in 
(HTj) while elliptic function W°(t) is defined in (13T|) . Time evolution of the 
momentum P(t) and spin W'(t) is also given in terms of elliptic function 
W°(t), see formula <$MM§- 

The physical sense of the integrated Hamiltonian dynamics one can rec- 
ognize from the form of the total energy function ( TT9"j) . 
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4 Concluding remarks 



The hamiltonian integrable system investigated in the paper describes time 
evolution of the relativistic particle (massive and massless) with non-zero 
spin. The Hamiltonian governing this evolution is invariant with respect to 
the translation of Minkowski space-time and the rotation of the space, which 
means that the particle does not interact with the external filed. However, 
the dynamics has rather complicated nonlinear character that is caused by 
the coupling between the momentum, angular momentum and spin of the 
particle. 

The Galilean case we do not discuss separately. It can be obtained from 
relativistic one in the a-vanishing limit. 

The Euclidean case needs an approach different from the twistor one. 
Here we can consider four- vectors W 1 and P M as a dynamical variables which 
satisfy the conditions (TlO|) . ( ITTj) and (jHJ). As a result one obtains a hamilto- 
nian system on the bundle TS 3 of vector spaces tangent to three-dimensional 
sphere § 3 . In the paper we do not discuss this case in details. 
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